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Abstract

The historic Hagia Sophia in Istanbul, which held the record as the world’s largest domed building for some 800 years, is analysed with

a finite element formulation, including the effects of thickness shear deformations and the term z=R, to understand its structural

behaviour under the action of static loading. The structure, including all essential elements of the system, is modelled by using the same

curved trapezoidal finite element with 40 degrees of freedom. Its structural behaviour and its structural load carrying system are

demonstrated and the results are compared with those obtained earlier and also with those observed at the structure.

r 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

The Hagia Sophia in Istanbul, constructed between 532
and 537 and which received its definitive form in 562 after a
reconstruction of the central dome, has been recognized as
the world’s largest domed building and one of the world’s
most important and complex historic building structures.
Today, though it survives only as a museum and is
impaired by the loss of all its original setting and
atmosphere, it is still intact as a typical Byzantine
architecture and as one of the greatest architectural and
structural achievements of all time.

During its history, the Hagia Sophia was affected by
many earthquakes, resulting in several reconstructions of
different parts of its main dome and repair of some
structural elements. In 558, the eastern arch collapsed in an
earthquake, and in 989 the western arch suffered from the
same fate. The great central dome fell down in 558 after
being subjected to two major earthquakes, in August 553
and in December 557, respectively. A new dome, having a
higher profile than its predecessor, was then erected in
e front matter r 2005 Elsevier Ltd. All rights reserved.
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558–562. Despite the partial collapses after the earthquake
in the tenth century and again after another one in the
fourteenth century, the general form of the second dome
has remained unchanged up to today. The main structure,
however, has always remained intact.
The structure today exhibits large deformations resulting

from the material properties, speed of construction, earth-
quake damages and reconstructions. Structural deforma-
tions in the piers, which tilt outward, and in the arches,
which bow outward, some visible cracks at the bases of the
exedrae semidomes, and radial cracking at the lower levels
of the great dome as well as at the base of the semidomes
are large enough to be easily measured and, in many
instances, are discernable to the naked eye.
The application of the techniques of modern structural

analysis to the study of historical monuments has
contributed significantly, particularly over the past decade,
both to the architectural–historical methodology and to the
art of building restoration. The significance of the Hagia
Sophia in architectural history, the structural investigation,
and material analysis of small samples taken from Hagia
Sophia are described in several papers [1–4]. The material
properties of Hagia Sophia are adjusted in a study [5], to
match the system mode shapes and frequencies from the
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Nomenclature

a1, a2, z shell coordinates
A1, A2 Lame parameters
R1, R2 the principal radii of curvature of the middle

surface of a shell
U, V, W the components of the displacement vector in

the corresponding orthogonal coordinate direc-
tions

u, v, w tangential and normal displacement of the
middle surface

a, b the rotations of tangents to the middle surface
oriented along the parametric lines a1 and a2,
respectively

e1, e2, g12 the normal and shearing strains
g1z, g2z the thickness shearing strains
e01; e

0
2; g

0
12the normal and shearing strains of the middle
surface

g01z; g
0
2z the thickness shearing strains of the middle

surface
w1, w2, t the changes of curvature of the middle surface
s1, s2 the normal stresses on two mutually perpendi-

cular faces
t12, t21 the shear stresses on the faces
t1z, t2z the thickness shear stresses
E, n, G Young’s modulus, Poisson’s ratio, Shearing

modulus of elasticity
h the thickness of shells
V the strain energy
Q0 the strain energy of membrane terms
Q2 the strain energy of bending and additional

terms
Q3 the strain energy of shear terms
z, Z local coordinate system
zi, Zi local coordinates of node i

Ni shape functions of the shell element
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measured response of a recorded recent earthquake. A few
attempts to model portions of the structure using finite
element modelling have been made [2,4,6].

The aim of this research on the structural analysis of the
historic Hagia Sophia is to understand its structural
behaviour under the action of static and dynamic loadings.
The research consists of two major tasks. At first, the
structural behaviour under the self-weight and the char-
acteristics of its structural load carrying system are
determined by using the finite element method. The second
is the creation of a numerical model for dynamic analysis
by using the finite element method and the identification of
its dynamic properties. Progress in the first area is reported
herein, and that in the second area will be presented in the
next paper.

This paper addresses the present day static behaviour of
the main dome support structure. It emphasized linear
static analysis of the structure by using the finite element
method. A curved isoparametric trapezoidal finite element
has been formulated for moderately thick shells of general
shape, including thickness shear deformations, and without
neglecting z/R in comparison with unity. The finite element
has eight nodes. At each node of this refined element, three
displacements in the directions of the local coordinates and
two rotations, i.e. a total of five parameters, are defined.
For static analysis, this finite element is used to determine
the structural behaviour of the Hagia Sophia and the
results are compared with those found in the literature.

2. The structure of Hagia Sophia

Two structural systems can be identified in Hagia
Sophia: the basic system carrying the principal loads and
the dome, and the secondary one that supports only itself
and that depends on the basic system to a certain extent.
The secondary system is to be found at the lateral aisles
and the narthex, which, together with the galleries, run
round three sides of the cruciform centre.
The principal elements of the basic system are the large

dome, the four main composite piers at the corners, groups
of arches spanning between these piers, four secondary
piers, and two semidomes. Massive double arches were
applied on the north and south sides, and semidomes
fringed by single arches were used on the east and the west
sides. The secondary system cannot be considered inde-
pendently from the primary structural system, and
comprises all the structural elements, including exedrae
semidomes, apse semidome, vaults, walls, and colonnades
of the lateral aisles, the narthex, and the galleries. The
buttresses may thus be considered as an essential element
of the secondary structural system. The behaviour of Hagia
Sophia can be largely understood by considering the
structural system of the building as shown in Fig. (1).
The loads of the structural system can be put on an order
on the basis of priority of transferring of loads from one
member to another, i.e., from the dome to the main arches
and, in turn, to semidomes, pendentives, diagonal arches,
exedrae semidomes, colonnades, the main buttresses, and
finally to piers.
The main dome, which emerges upon the cornice

situated on the main arches, rests on a rectangular base
in plan. There are a number of ribs within the dome, which
gradually lose their heights as the dome approaches its key
and ultimately disappear inside the thickness of the dome.
The loads of the dome are transferred to arches on its four
sides. The arches, situated on the east–west direction, also
serve as supports to semidomes placed on this direction.
The other arches on the north and south sides are stiffened
by additional arches with infill provided between the
primary and secondary arches. Under the arches situated
on north–south directon, there is a tympanum sitting on
gallery columns.
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Fig. 1. The primary structural system with the secondary ones [7].
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There are pendentives between the arches and they serve to
turn the elliptical dome base into a rectangular plan. Both the
arches and pendentives sit on the main piers. The west–east
semidomes transfer their loads on to the main arches as well
as the diagonal arches and to the exedrae semidomes. These
diagonal arches sit on the primary and secondary piers, with
the latter also supporting the east and west vaults.

Along the galleries streching from the north to south,
there are columns, which make important contributions to
the transfer of the horizontal thrust of the domes in that
direction onto the soil.

The structure of the Hagia Sophia incorporates at least
three major classes of materials: stone, brick, and mortar,
the latter containing brick dust and fragments that
contribute to its pozzolanic characteristics, with a relatively
long curing time [2,5].

3. Isoparametric finite element formulation

For static structural analysis, a numerical model, which
provides a linear elastic representation of the building, is
formulated. The finite element used in analysing the Hagia
Sophia is the same as that discussed in Ref. [8]. Therefore, a
brief explanation of the formulation will be given here.

Strain–displacement relations obtained in the three-
dimensional theory of elasticity for small displacements
are used in the formulation. The strain components may be
written in the following form:

e1 ¼ ē01 þ zw̄1; e2 ¼ ē02 þ zw̄2; g12 ¼ ḡ012 þ zt̄,

g1z ¼
R1

R1 þ z
g01z; g2z ¼

R2

R2 þ z
g02z, ð1Þ

where the strains of the middle surface and the curvatures
are defined in terms of the displacements of the middle
surface (u, v, w) and the rotations (a, b):

ē01 ¼
1

A1ð1þ z=R1Þ
u;1 þ

A1;2

A1A2ð1þ z=R1Þ
vþ

1

R1 þ z
w

¼
1

1þ z=R1
e01,

ē02 ¼
A2;1

A1A2ð1þ z=R2Þ
uþ

1

A2ð1þ z=R2Þ
v;2 þ

1

R2 þ z
w

¼
1

1þ z=R2
e02,

ḡ012 ¼
A1ð1þ z=R1Þ

A2ð1þ z=R2Þ

u

A1ð1þ z=R1Þ

� �
;2

þ
A2ð1þ z=R2Þ

A1ð1þ z=R1Þ

v

A2ð1þ z=R2Þ

� �
;1

,
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Fig. 2. Curved trapezoidal element.
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ḡ012 ¼
1

1þ z=R1
g01 þ

1

1þ z=R2
g02,

w̄1 ¼
1

A1ð1þ z=R1Þ
a;1 þ

A1;2

A1A2ð1þ z=R1Þ
b ¼

1

1þ z=R1
w1,

w̄2 ¼
A2;1

A1A2ð1þ z=R2Þ
aþ

1

A2ð1þ z=R2Þ
b;2 ¼

1

1þ z=R2
w2,

t̄ ¼
A1ð1þ z=R1Þ

A2ð1þ z=R2Þ

a
A1ð1þ z=R1Þ

� �
;2

þ
A2ð1þ z=R2Þ

A1ð1þ z=R1Þ

b
A2ð1þ z=R2Þ

� �
;1

,

t̄ ¼
1

1þ z=R1
t1 þ

1

1þ z=R2
t2,

g01z ¼ aþ
w;1

A1
�

u

R1
,

g02z ¼ bþ
w;2

A2
�

v

R2
. (2)

An expression of the strain energy for moderately thick
shells of general shape, including the effects of thickness
shear deformations and the expressions involving
ð1þ z=RÞ, was obtained previously in Ref. [9].

V ¼
Eh

2ð1� n2Þ

Z
A

Q0 dAþ
Eh3

24ð1� n2Þ

Z
A

Q2 dA

þ
Eh

2ð1� n2Þ

Z
A

Q3 dA, ð3Þ

where

Q0 ¼ ðe
0
1 þ e02Þ

2
� 2ð1� nÞ e01e

0
2 �

g0212
4

� �
,

Q2 ¼ ðw1 þ w2Þ
2
� 2ð1� nÞ w1w2 �

t2

4

� �

þ
1

R1
�

1

R2

� �
e021
R1
�

e022
R2

� �
� 2

1

R1
�

1

R2

� �

�ðe01w1 � e02w2Þ þ
1

2
ð1� nÞ

1

R1
�

1

R2

� �
g021
R1
�

g022
R2

� �

� ð1� nÞ
1

R1
�

1

R2

� �
ðg01t1 � g02t2Þ,

Q3 ¼
3

5
ð1� nÞðg021z þ g022zÞ. (4)

Q0, Q2, and Q3 in (4) represent the strain energy of
membrane terms, bending-additional terms, and shear
terms, respectively.

A curved isoparametric trapezoidal finite element
formulation based on this expression for the potential
energy is developed. The curved trapezoidal finite element
with eight nodes (Fig. 2), which contains shape functions
with second degree terms, is used and the parent shape
function is

Ni ¼
1

4
ð1þ zziÞð1þ ZZiÞðzzi þ ZZi � 1Þ

at the corner nodes and

zi ¼ 0; Ni ¼
1

2
ð1� z2Þð1þ ZZiÞ,

Zi ¼ 0; Ni ¼
1

2
ð1þ zziÞð1� Z2Þ (5)

at the middle nodes.
The displacements of this element are expressed in terms

of five components at each node. These include three
components of translation (u, v and w) and two rotational
components (a and b) about the two principal directions of
the shell surface. This leads to a total of 40 degrees of
freedom for each element.
The element stiffness matrix and the load vector are

formulated by using the theorem of minimum potential
energy. The element stiffness matrix can be expressed by
the sum of the stiffness contributed from membrane,
bending, shear effect, and additional effect. That is

½k�e ¼ ½k�eb þ ½k�
e
s þ ½k�

e
2. (6)

The following expressions for the element stiffness
matrices may be obtained,respectively.

½k�eb ¼

Z
A

½B�Tb ½D�b½B�b dA,

½k�es ¼

Z
A

½B�Ts ½D�s½B�s dA;

½k�e2 ¼

Z
A

½B�T2 ½D�2½B�2 dA. (7)

Here ½k�eb; ½k�
e
s ; and ½k�

e
2 are the element of bending, shear

and additional stiffness matrices, respectively. The perfor-
mance of this element has been reported [8] to be good for
the static analysis of moderately thick shells of general
shape, but it has not been employed previously to study the
behaviour of complex structures, such as Hagia Sophia.
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4. Static analysis

In the analysis, the entire structure is modelled by using
the same two-dimensional curved trapezoidal element. The
analytical model includes all essential elements of the
structural system; i.e. the main piers, the secondary piers,
the buttress piers, the two semidomes with the barrel vault
on the end, upper and lower north and south arches, main
east and west arches, the main dome, the apse semidome
and colonnades, and the pendentives. Structural character-
istics of the building are considered for linear analysis.

The primary structure supporting the main dome of the
Hagia Sophia and the secondary system elements are
illustrated in a cutaway view in Fig. (1). Structure north
(N) is taken along the positive Y-axis of the plan. The
longitudinal axis of the basilica complex is along the
east–west (E–W) or X-axis of the plan.

For the purpose of defining the structural effect
produced by the dead weight of the building, the half of
the structure is analysed applying the finite element
method. The dimensions of the model are based on the
elementary geometrical measurements in the reachable
points, and on the dimensions given by Mainstone [7] and
Van Nice [10] in the unreachable points. Main dome is
rising to about 56m above floor level and it is smaller than
a full hemisphere. The diameter of the dome in the plane is
31.805m along the north–south axis and 30.855m on the
west–east one; although the diameters in two perpendicular
directions differ by about 0.029%, the dome is idealized as
spherical in calculations for simplicity. The two arches on
the east and west sides, which are braced by semidomes of
the same diameter as the central dome, and the north and
south arches have approximately the same dimensions and
are symmetrically located. Pendentives, which are between
the arches and serving to turn the elliptical dome base into
a rectangular plane have the general form of equilateral
triangles. Missing information about the substructure led
to gross assumptions regarding the foundations. As such,
the four main piers, four secondary piers and four
buttresses are modelled with fixed joints at the foundation
level, and assumed to be 5m below ground level. In
calculations, the window openings in the dome and
semidomes were ignored.

It may be noted here that a number of finite element
idealization meshes were tried, and finally a mesh consist-
ing of 552 elements was chosen because of the size and
complexity of the structure and to save computer time. By
Table 1

The values of maximum displacements (cm)

Position Observed at th

structure

Displacement in the north–south direction for the main pier 54.00

Displacement in the east–west direction for the main pier 12.00

Vertical displacement at the top of the main arches 70.00
this mesh, about 1884 joints are defined, resulting in a
system of 7538 degrees of freedom.
The masonries of Hagia Sophia, which are composites of

either brick or stone and mortar, play an important role in
determining the stiffness of the primary structural ele-
ments. The main piers and the bottom portion of the
buttress piers are comprised of stone masonry up to the
level of the first connecting arch, and the remainder of
the primary structure is comprised of brick masonry.
The elastic material properties used for this model are

the same as those used by Erdik [2] in the modelling of the
Hagia Sophia, which were determined experimentally on
two types of masonry materials. A Poisson’s ratio of 1/6
and a weight density of 1700 kg/m3 for all elements have
been used in the analysis. Pendentives were analysed for
self-weight taking the unit weight of 1275 kg/m3. The
moduli of elasticity for the masonry in the main dome,
semidomes, main arches, barrel vaults, pendentives, and
apse semidome are taken as 5� 109 Pa. It is assumed that
the moduli of elasticity for the secondary piers, buttress
piers and main piers up to the level of the first connecting
arch are the same and equal to 1� 1010 Pa.
The results of the elastic analysis of structural system,

including the dome and the supporting structure under the
self-weight, are shown in Tables 1–3. The values of
maximum displacements obtained with the proposed finite
element are compared with the results given by Erdik [2], and
with the solutions reported by Mark et al. [4], and also with
the results observed at the structure as shown in Table 1.
As seen in Table 1, the displacements obtained with the

proposed element are closer to the results of Mark et al. [4];
however, they are both smaller than those observed at the
real structure. This difference can be attributed to the
history of the repair and reconstruction procedures,
applicational errors during the original construction of
the building, especially the history of the viscoelastic
behaviours of used materials during and after completion.
In addition, the values of displacements at some points

are shown in Table 2 and Fig. 3. The displacements
obtained with the proposed linear elastic finite element
model seem to reveal the fundamental structural beha-
viours of the building. The displacements of the main dome
are insignificant. But they are very evident in the middle
part of the east–west semidomes and in the middle part of
the east–west barrel vaults, and also at the bases of the
exedrae semidomes and at the corners of the apse-
semidome.
e Erdik [2] SAP

90

Mark et al. [4] Proposed finite

element

0.39 22.90 4.49

0.26 3.70 2.03

1.40 40.70 20.08
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Table 2

The values of displacements (cm)

Position Direction Proposed

finite

element

Dome apex Apex Vertical w 0.21

Dome base West Horizontal u 0.40

Vertical w 2.40

Double arch top Upper south Horizontal v 0.32

Vertical w 2.53

Lower south Horizontal v 1.01

Vertical w 2.58

East–West

semidomes

West in the

center of the

semidomes

Horizontal u 7.1

v 4.6

Vertical w 14.71

Double arch

base

Upper south Horizontal u 0.24

v 0.08

Vertical w 0.43

Lower south Horizontal u 0.22

v 0.11

Vertical w 0.47

East and west

barrel vaults

In the center Horizontal u 2.55

Vertical w 11.01

Apse semidome Semidome

corner

Horizontal u 1.34

v 4.63

Vertical w 7.40

Table 3

Maximum stress resultants under the self-weight

Proposed finite element (MPa)

Hoop stresses of the semidomes Compressive stress �8.674

Tensile stress 0.181

Meridional stresses of the semidomes Compressive stress �3.850

Tensile stress 0.781

Stresses of the main piers on the

east–west

Compressive stress �0.073

Tensile stress 0.575

Stresses of the main piers on the

north–south

Compressive stress �1.057

Tensile stress 0.192

Stresses of the pendentives Tensile stress 1.385

Fig. 3. The displacements at some points (cm).

Fig. 4. Hoop stresses for main dome under the self-weight (MPa).
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In general, it is observed from the results obtained with
the proposed finite element that the circle delineated by the
base of the dome deforms into an ellipse. This oval
displacement pattern of the base of the dome is in
accordance with the actual state of the structure. The
massive double arches on the north and south sides deflect
outwards due to the thrust of the dome. On the eastern and
western sides, the upper part of the semidomes exerts
inward thrust (Fig. 3). Admittely, the main piers and
buttresses are deformed owing to the thrust exerted by the
upper structure. Additionally it is found that, the direction
of the deformation deviates slightly in the southward (or
northward) direction from the diagonal of the central
square defined by the four piers.
Results of maximum stress resultants obtained by this

study are given in Table 3.
In addition, the distribution of meridional stresses and

hoop stresses in the dome are shown in Figs. 4 and 5,
respectively.
As shown in Table 3 and in Figs. 4 and 5, in the main

dome only compressive meridional stresses and compres-
sive hoop stresses appeared; however, in the semidomes,
although the compressive stresses are dominant, the tensile
stresses are born at the connections between the semidomes
and the arches. This value is obtained as 0.781MPa by the
proposed finite element, and it is smaller than that reported
to be 1MPa for tensile strength by Erdik [2]. Finally, these



ARTICLE IN PRESS

Fig. 5. Meridional stresses for main dome under the self-weight (MPa).

T.A. Ozkul, E. Kuribayashi / Building and Environment 42 (2007) 1212–12181218
results suggest that the connections between the semidomes
and the arches are the weakest points in the structure. In
addition, at the pendentives, and at the main piers in the
north–south direction and in the east–west direction,
tensile stresses are observed. They are also smaller than
the value for tensile resistance of strength of 1MPa.

5. Conclusions

The historic Hagia Sophia is analysed with a finite
element formulation, including thickness shear deforma-
tions and z/R terms, to determine the structural behaviour.
In the analysis, the entire structure is modelled by using the
same curved trapezoidal element.

The elastic analysis seems to reveal the fundamental
structural behaviours of the dome and the supporting
system, which are very similar to those found in the real
structures despite that the magnitude of the deformation is
in a different order. The difference between the deforma-
tions predicted in theory and measured on the building can
be due to the history of the viscoelastic behaviours of used
materials during and after completion and applicational
errors during the original construction of the building.
In fact, it is reported by Mainstone that about 70% of
the deformation on the building took place during its first
400 years.
The agreement leads one to suppose that this modelling
is effective in the complicated analysis concerning historical
masonry structures. Moreover, the most important advan-
tage of the proposed finite element is the applicability of
the method to all essential elements of the structure.
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